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CHAPTER

Integral equation

Integral eugation

Definition

An integral equation is an equation in which an unknown function, to be determined, appears under one
or more integral signs. If the derivatives of the function are involved, it is called an integro-differential
equation.

An equation of the form

a()P() + F(x) + 1 fﬂ K, ©)p(E)dE = 0,

is called the linear integral equation, where ¢ (x) is the unknown function; a(x), F(x) and the kernel of
the integral equation K(x,¢) are known functions; A is a non-zero real or complex parameter, and the
integration extends over the domain (2 of the auxiliary variable ¢.

Linear integral equations are classified into two used types:

Volterra Integral Equation

An integral equation is said to be a Volterra-integral equation if the upper limit of integration is a variable,
e.g.,

a(x)p(x) = F(x) + AJ K(x,$)¢($)ds

(i) When a = 0, the unknown function ¢ appears only under the integral sign and nowhere else in the
equation, then

X
Fe) =2 [ K@@ a> —oo
0
is called the Volterra's integral equation of first kind.

(ii) When a = 1, the equation involves the unknown function ¢, both inside as well as outside the integral
sign, then

x
600 = (0 +1 | K (00004
is called the Volterra's equation of second kind.
(iii)When a = 1, F(x) = 0, the equation reduced to
x
600 =2 | K (o Db
is called the homogeneous Volterra's integral equation of second kind.

Fredholm Integral Equations

An integral equation is said to be Fredholm integral equation if the domain of integration 2 is fixed, e.g.,

b
@G0 = FG) +4 | K (096
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(i) When a = 0, the equation involves the unknown function 1 only under the integral sign, then

b
o) =2 [ K@e©dasx<h
a
is called the Fredholm integral equation of first kind.

(i) When a = 1, the equation involves the unknown function ¢ both inside as well as outside the Integral
sign, then

b
d(x) = F(x) + /’Lf K@x&¢p@)ds,a<x<bh
a
is called the non-homogeneous Fredholm integral equation of second kind.

(iii)When a = 1, F(x) = 0, the equation reduced to

b
b0 =4[ K@ asx<h
a
is called as the homogeneous Fredholm integral equation of second kind.

Differentiation of Function Under an Integral Sign
Consider the function I,(x) defined by the relation
la(x) = J; Cc=m"* f()dn (1)
Where n is a positive integral and a is a constant.
We known that

Q(x)
= Feuman=|

X Jp(x) P

00 F d F a0 Flx, P ap
— {FGmdn + Flx, Q0o o = Flx, P()|

Which is valid if F and Z—z are continuous functions of both x, 7 and th first derivative of P(x) and Q(x)

are continuous.
Differentiating (1) under the integral sign, we have
dI” ¥ n-2 n-1
2 = @D | Ge=m" fmdn X [Ce=m)" T f () y=x
a
dly
Ez(n—l)ln_l,n>1 .2

From the relation (1), we have

di
L(x) = [, f (dn =22 =f(x) )
Differentiating (2) successively m times, we have
d™l
dx"? =nm-1)M-2)n-3).(nm—mMm)L_,,n>m
In particular, we have
dv 11
Tn‘? =m—-D!(x)
d (d™* I, dl
za(dxn_l)=(n—1)!d—xl=(n—1)!f(x) .. (4)

Thus, we have

x d]z x X Xy
I,(x) =] f(a)dxy e L =J f (xdx; = (%) =J f f(x)dx,dx,
a a a a
In general, we have

L) =M= [ 2272 fe)dxydx ... dXy_gdixy, ... (5)
From the relations (1) and (5), we have
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J-xfxn fxs fxzf (x1)dx1dx, ... ... dx,_,1dx, ( ! 1)'I (%)

= =g | - renan

This may be represented as the result of integrating the function f from a to x and then integrating (n — 1)
times, we have

[ F andn® = [7E nyan - (6)

Relation between Differential and Integral Equations
There is a fundamental relationship between integral equations and ordinary and partial differential

equations with given initial values. Consider the differential equation of nth order as

d—y+a1(x) +a2(x)d Y 4ty ()Y = F(X) . (D)

dxn— 1
with continuous coefficients a;(x) = i = 1,2,3, ..., n. The initial conditions are prescribed as follows:
¥(0) = Co,y'(0) = €1,y (0) = Cyy e, y""1(0) = Cpy )

: . - : o adn : : :
Where the prime denotes differentiation with respect to x. Consider d—x:i = ¢(x) By integrating and using

the initial conditions (2), we have

dn_ly x dn—Zy x
= v @t = [ 6@ +x
0 0

n-—1 xn—Z

X X
y =1y & ©d" + Cor o+ Cnmz gy + - +Go ... (3)
Where [ Ox ¢ (£)dE&™ represents for a multiple integral of order n.

From the relations (3) and (1), we obtain

SO0 + ar(x) jo b (§)dE + a, jo $ (E)AE” + .. +an(x) jo b (E)dem

= F(x) + X1 iCix: (%) o (4)
Where y;(x) = a;(x) + %aiﬂ(x) +- +an(x) oy .. (5)
x -9
P + [y @100 + a0 = §) + ot n () L] 918 = 6, (), .. (6)
Where G,(x) = F(x) + X1 iCix;i(x)
The equation (6) represents the non-homogeneous Volterra's integral equation of second kind.
Particular Case
Consider the linear differential equation of second order.
+ al(x) —ta (x)y = F(x) .. (D
with initial conditions
y(0) = Cyand y'(0) = C; ... (2)

. d’y
Consider —z = o (x)

By integrating and using the initial conditions (2), we have
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Y= o @dE+ G e

andy = [;'(x = §) ¢(§)d§ + C1x + Co - (@)

The given differential equation reduces to
P(x) + ay(O)[[ ; $E)AE + o] + ax()[[ 4 (x — E)P(E)AE + Cyx + Co| = F ()

or p(x) + [, [as(x) + ay(x)(x — O)p(&)dé
= F(x) — Gia;(x) — C1xay(x) — Coaz(x)

or ¢(x) = f(x) + Af  K(x, E)p(§)dé ... (5)
Where K(x,§) = a1 (x) + a,(x)(x — &), A=—-1
fx) = F(x) — Cia,(x) — Cixaz(x) — Coaz(x) ... (6)

Which represents the Volterra's integral equation of the second kind. Similarly, the boundary value
problems in ordinary differential equations lead to Fredholm integral equations.

Example: Show that the function ¢(x) = (1 + x2)~3/2 is a solution of the Volterra integral equation

() = Io %qb(f)d%

1+x2
Solution: Substituting the function ¢(x) = (1 + x2)~3/2 in the given equation, we have

1 g § 1
1+x2 "0 1+x2 (1+&2)3/2

d¢§

n 1 N 1 { 1 }x
T 14x2 14x2 (1+<§2)1/20

1 1 1 1
= + = = = X
1+x2 (1+x2)3%2 1+4+x%2 (1+x2)3/2 $(0)
The substitution of ¢(x) reduces the given equation to an identity with respect to x, thus ¢(x) =

(1 + x?)73/% is a solution of the integral equation.
g

Example: From an integral equation corresponding to the differential equation

d? d
d—x}zl—sin x%+e"y=x

with the initial conditions
y(0) =1,y'(0) = —1#(1)

Solution: Consider % = ¢p(x) .. (D
Then 2 = [ ¢ (§)d§ = -1 o)
Andy = [ (x— ¢ (O)dé —x +1 .. (3)

Substituting the relations (1), (2) and (3) in the given differential equation, we have

() —sin x[[, pE)dE — 1]+ e?[[, (x —E)PE)dE —x + 1] = x
> ¢x)=[x—sinx+e*(x—1)]+ fox [sin x —e*(x — &)]p(&)dE

represents a Volterra's integral equation of second kind.
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Example: Reduce the initial integral equation of second kind.
¢’ (x) + Ap(x) = F(x),
with ¢(0) = 1,¢'(0) = 0.
Solution: The differential equation is given as
¢’ (x) + Ap(x) = F(x)
= ¢'(x) = F(x) — 1p(x)
Integrating both the sides with regard to x, we have
[o " @)dx = [ {F(x) = 2p(x)}dx
= [¢' (15 = [ {F(x) — 1p(x)}dx
= ¢'(x) — ¢'(0) = [, {F(x) — Ap(x)}dx

= ¢'(x) = [, (F(x) — Ap(x)}dx

Integrating both the sides with regard to x, we have
[l¢'odx = [ ([ I (x) = Ap(x)}dx}dx?

= ¢(x) — p(0) = [, (F(&) — Ap(§)}d&?
= ¢(x) = 1+ [, {(x — O[F () — 1p()]}dE,

Which reduces to a Volterra's integral equation of second kind.

Example: Reduce the differential equation

"' (x) = 3¢"(x) + 2¢(x) = 4sin x

with the conditions

$(0) = 1,¢'(0) = -2

into a non-homogeneous Volterra's integral equation of second kind.

Conversely, derive the original differential equation with the initial conditions from the integral equation
obtained.

Solution: The given differential equation may be written as

¢ (x) = 4sin x — 2¢(x) + 3¢'(x) .. (D

integrating with regard to x, both the sides we have
foxgb”(x)dx = 4f0xsin xdx — Zfoxq,')(x)dx + 3foxq5’(x)dx

= [0 (D% = —4(cos 1)F - 2 jo ¢ (Odx + 3[pCOT3
=>¢'(x) —¢d'(0) =—4(cos x —1) =2 fxgb (x)dx + 3[p(x) — 1]
0

=>¢'(x) =—-2—-4(cos x — 1) +3[p(x) — 1] — 2 fxq.’) (x)dx
0

= ¢'(x) = —1—4cos x + 3¢p(x) — 2f0xq,’> (x)dx ..(D

integrating with regard to x, both the sides, we have

jox¢'(X)dx = —Joxdx —4 foxcos xdx + 3 foxqb(x)dx -2 Joxfﬁ(x)dxz
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= [Pp(x)]E = —x — 4sin x + 3 J.xqb(x)dx -2 fxqb(x)dxz
0 0
= B0 - $(0) = —x —4sinx +3 [ ¢ -2 [ B
0 0

:¢<x>—1=—x—4sinx+3f ¢<f)df—2f (x - OP(E)de
0 0

= ¢(x) = (1—x—4sin x) + [ [3 - 2(x — )] p(&)d& ... (3)

Represents the non-homogeneous Volterra's integral equation of second kind.

Converse: Again, differentiating the equation (3) with regard to x, we have

d X
¢'(x) =—-1—4cosx + afo [3—2(x—&)]¢(&)dE

X0
=>¢'(x) =—1—4cosx+ f Ep [B3—2(x—8)]p(E)déE+[3—2(x—x)]p(x) -1
0

= ¢'(x) = —1 —4cos x + 3p(x) — 2 [, P(&)dE . (@

Differentiating both the sides with regard to x, we have

d . x
= ¢"(x) = 4sin x + 3¢’ (x) — Zafo d()dé
= ¢ (x) = 4sin x + 3¢’ (x) — 2¢(x)

= ¢"(x) —3¢'(x) + 2¢(x) = 4sin x
Which is the required given differential equation. Putting x = 0 in the equations (3) and (4), we
have ¢(0) = 1,¢'(0) = —2.

2
Example: Convert the differential equation % +A9p =0

With initial conditions ¢(0) = 0,¢'(0) = 0, into Fredholm integral equation of second kind. Also,
recover the original differential equation from the integral equation you obtain.

Solution: The differential equation may be written as

ace _
= A .. (D)
Integrating both the sides with regard to x, we have
d?¢
X X
fO de = _AIO qbdx

) -t

¢'(x) = ¢'(0) = ~2J, pax
Consider ¢'(0) = C, a constant, then ¢'(x) = C — Af qub(x)dx

Integrating both the sides, we have

[p)]E = Cx — 2 f & (x)dx?
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> $(0) — $(0) = Cx — A j (x — (&) de

= ¢(x) = Cx— A, (x — HP(§)dé

. (2

Since ¢(1) = 0= ¢(1) = C(1) — A [ (1 — §) p(E)d¢

= 0=C-2[ a-DpE)s
0
= C=2[1(1-OP©)de

From the relations (2) and (3), we have

y 1 x
60 =7x [ A-De@d -1 [ =06 @2

Ax(1-$)
1

=>¢(x)=f01

P()dE + f

—f) FAx=$)

$(E)dé - f 0 e

> 000 = [ A2 -2 N s + [ O peeras

¢()—A]

ss(1 —f)

$(E)dE + j "D ey

= ¢(x) = Af; K (x,§)p()d¢

0D <<,
K(X,f)_ x(l 3] fx<f<1

This determines the homogeneous Fredholm mtegral equation of second kind.

Converse: The integral equation may be taken as

p() = f, =D p©)dg — [ (x - )P(©)de

Differentiating both the sides with regard to x, we have

¥ =t [

0
Ax(l —
-9 = [ 22 g0 ae- [
0

= ¢'(x) = f, "2 p(e)de — [ A (©)de

(—5)

X

$(E)dE —— f A — O@)de

2 a6 - D)9

. (7)

again differentiating both sides with regard to x, we have

AU =$)

- ¢ = o [ 1

v =i[ 2

= ¢" () +2p(x) =0

From the relation (6), we have

2 gl - 29()

... (3)

.. ()

... (5)

... (6)
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$(0) = 0and (1) = [ {2 - 21 - )} p()dg =0 )

Which is the required given differential equation.

Example: Obtain Fredholm integral equation of second kind corresponding to the boundary
value problems.

¢ ,
W=x—/1¢:¢(0) =0,¢'(1)=0

Also, recover the boundary value problem from the integral equation you obtain.

Solution: The differential equation may be written as

d%¢g
PRy

Integrating, both the sides, with regard to x, we have

LXZZT(fdx = foxxdx —xlfox(j)(x)dx

1 X
= 400 = ') = 55— 2 | p()d
0
Integrating both the sides with regard to x, we have

6= 6O = Cx+ (g) =2 [ p(6rag?
=900 = Cx+ (g) v -2 | RIGY

1 X
=cx+ ()32 (x- d
= $(x) = Cx+ (¢ )x jo (x— ) $(E)dé
Since ¢'(1) = 0= ¢'(1) = C +— A f, p(&)d§

1 1
:>C=—E+Af0q,’)(f)d€

=40 == (5)x+ ()% +2 [ ot =2 [ G- gt

2
= 600 = (5)x+ (5) 2 + 4 [ o00as + [xo@rae| -2 [ - pcoras

>0 = (5) & =30+ 4 [“eo@ras + [ xp(oraz |

1

p) = (3) @® =30 +2[; K (P ... (1)
Where K(x, &) = {x,x <&&x > ¢
This determined the non-homogeneous Fredholm integral equation of second. Put I = 1 everywhere.

Converse: The integral equation may be taken as
p(x) = —(5)x +(5) ¥ + A [y 2 (©)dE — A [} (x — O (§)dé e
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Differentiating (2) with regard to x, both the sides, we have
1 1
00 =~ (5)+ (5) 2 + 20 [ xb @~ A [ — Dp@)ag
= ¢'(0) == (3) + () ¥+ AJ; 6O — 2 f; p(9)dé NG

Differentiating again with regard to x, both the sides, we have
n x
P =x+ A1 f P(§)dé — 1 fo $($)ds

x x 0
= ¢"(x)=x+1), a—x{d)(f)}df —2J, 3 (P(O)}dS — A (x)
= ¢"(x) = x = A¢(x)

=>¢"(x) +1p(x) =x .. (4)
From the relations (2) and (3), we have

, 1,1
¢(O)=0and¢(1)=—5+;=0 ... (5)
Volterra's Integral Equation
Definition
Solution of non-homogeneous Volterra's integral equation of second kind by the method of successive
substitution.
Consider the Volterra's integral equation of second kind as
$() = F(x) + A f, K (£, )P()ds, (D)
Where

(i) The kernel K(x,¢) # 0 is real and continuous in the rectangle R:a < x < b,a < ¢ < b. Consider
|K(x,&)| < P, where P is the maximum value in R.

(ii) The function F(x) # 0 is real and continuous in an interval a < x < b. Consider |F(x)| < Q, where
Q is the maximum value in the interval.

(iii)A is a non-zero numerical parameter.

Substituting the unknown function ¢ (¢) under an integral sign from the equation (1) itself, we have

x ¢
¢(x) = F(x) +/1f K (x,¢) lF(E) +/1f K (f,fl)cb(fl)dfll d§

X X f
$(0) = F(0) +1 f K (x, E)F (€)dE + 22 f K (x,6) f K (€, £)(&)dE, dé

Performing the operation successively for ¢(§), we have

$(x) = F(x) + 1 f K (x, ©)F(€)dE + 22

&1
f K(x, ©) f K(E &) [F(fl)H f K(&1 &) d(E)dE, | de,de
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X X f
> $(x) = F(x) + A f K(x, &) F(E)dE + 2 f K(x,€) f K(E,6) F(E)dE,dé

x 3 &
e f K (x,6) f K (£,6) f K (£1,6)0(E)dE,dE,dE + ...

In general, we have

$(0) = F(x) + 1 f K (x, ©)F()dE + 12 f K (x,6)
'3 x
f K (&, &) F (&) d&,dE + 27 f K (x,6)
$00) = F(x) + f K (x, )F (§)dE +
b b b
2 f K (x,€) f K(E,fl){F(sﬁHl f K(fl,fzw(fz)dfz}dadﬁ
b b b
$(0) = F(0) +1 f K (0, ©)F(€)dé + 12 f K (x,6) f K (&, 6)F (&) dé,dE +
b b b
[ ko [ KEa) [ KeeEdsdgds + -+

b b b b
P f K (x,) ] K (&6) j K (£0,6) - f K Enezr ént) F(Enoy)dEn_y .. dE,dE

A [TK (0,8 f) K (6,60 [ K (Enen, E)F (6 A8y .. dE;dE . (2)

Consider the infinite series
¢(0) = F(x) + A [, K (¢, F(©)dE + 22 [ K (x,€)
[} K (&,6)F(&)dg,dé + - )

As the kernel K (x, £) and the known function F(£) are real and continuous, so each term of the Above
series represents a continuous, function in I, provided it converges uniformly in that interval.
Since |K(x,&)| < P and |F(x)| < Q

Contains the maximum value in R and [ respectively.
Assume S, (x) = A" f: K (x,8)

Then [S,,(x)| < |4]"*|QIP"(b — &)™
It will converge only if

IAP(b—a)<1= |1 <

P(b —a)
Thus the series (2) converges absolutely and uniformly when the relation (3) holds

Again, let S,y (x) = A"Lf VK (x,§)

or |Spy1 (0)| < [AMHMP™M (b — )™
ToppersNotes / 9828-286-909 10




Solution of non-homogeneous Volterra's integra equation of second kind.

A volterra integral equation of second kind
d(xX)=F(x)+ 2/ : K (x,&)¢(&)dE has one and only one solution, given by the relation

$(x) = F(x) + 2f g R(x, & DF (§)dE
Where the resolvent kernel R(x, §; A) is the sum of the series R(x,&; 1) = K(x, &) + Yo AMKy (X, §),
convergent for all values of A.
Consider the Volterra integral equation of second kind

$(x) = F(x) + A f; K (x, ) (§)d¢ (1)
Where the kernel K(x,¢§) is a continuous function for 0 < x < a,0 < & < a, and the function F(x) is
continuous for 0 < x < a.
Consider an infinite power series in ascending powers of 4 as

D) = ho(x) + A1 (x) + 225 (x) + -+ +A" P (x) + -+ - (2)

Let the series (2) is a solution of the integral equation (1), then
Po(x) + A1 (x) + A2 (x) + - +A" Py (x) + -+,

= F(0) + 2 [y K (6, O)[P0(§) + A1) + 22¢2(8) + . +A" ¢y (§)]dE - (3)
Equating the coefficients of like power of A, we get
$o(x) = F(x)

P1(x) = [ K(x,&)o(§)dé
b2(x) = [ K(x, &)1 (5)dE
bn(x) = [y K (%, &) Pn_1(§)dé (4

Thus it yields a method for a successive approximation of the function ¢(x). It may be shown that the
series (2) converges uniformly in x and 4, for any 4 and x € [0, a], under these assumptions with regard
to F(x) and K (x, £), its sum is a unique solution of the equation (1).

Further, from (4), it follows that

G1(x) = [, K(x,&)F(§)d¢
$200) = [ K, ©) {[§ K(,€)F (&) de } de

Heregl =0,€1 =€,$=0,€=X

By interchanging the order of integration, we have

$2(0) = J 4 FEDdE {J ] K(x OK(E &)dé]
= ¢, (x) = [y K2 (6, EDF(§)dE, .. ()
Where, K, (x,€1) = [;. K (x, K (£, &)d§ .. (6)
In general, we have

bn() = [, Ky (6, OF(©)dEn =12, ...... (7

The functions K, (x, §) are called iterated kernels, which can readily be shown that
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Ki(x,$) = K(x,$)

and K, (x, &) = K3(x, &) etc., are defined recursively by the-formulas

Kpiq(x, &) = f;‘ K (x,2)K,(z,&)dz,n = 12,3, ... .. ... (8)
The relation (2), which represents the solution of the integral equation, (1) can therefore be written as
$() = F(O) + T, 277 fy Ky (6, 9F (§)d§ . (9)
Where

R(x,& 1) = K1 (x,8) + AK,(x, &) + A2K3(x, &) + -+ + A"1K, (%, &) + A"Kppyq(x, &) + -+ ... (10)

= R, &) = Too A [ Kyia (1,6),

The function R(x, &, 1) is called the resolvent kernel or reciprocal kernel of the integral equation (1). The
series converges absolutely and uniformly in the case of a continuous kernel K (x, £).

Iterated kernels and the resolvent kernel do not depend on the lower limit of an integral equation. The
resolvent kernel R(x, &, 1) satisfies the functional equation.

R(x,§,2) = K(x,§) + A [; K (x,2)R(z,§, D) dz.
Thus the solution of the equation (1) reduces to

¢(x) = F(x) + [ RO, § DF (§)dE

Example: 1 With the aid of the resolvent kernel find the solutior of the integral equation

@) ¢(x) = x+ [ - 0)p©)dE

Solution: (i) Here K;(x,§) = K(x,§) =& —x ..
and K, (x, &) = [ K(x,2)K,_1(z,§)dz .. (2)
Substituting v = 2,34, ..... in the relation (2), we have

K (x,§) = [ K(x,2)K, (2, §)dz
x 1
= Kp(0,) = [ (2= 0§~ 2)dz = —5,(§ —0)°

or K3(x,8) = [ ¢ K(x, 2)Ky(2,§)dz

x 1 1
= K0 8) = [ -0 -5 ¢ -2l dz = =€ - 0

By mathematical induction, we have

K,(6,6) = (1" (§ — )™,y = 1,23

'l) ) (2"] _ 1)! ) ) ) )
The resolvent kernel is defined as

R(x,8,2) = Yo i V'K, (x, &) = Yoi1 Ky (x, A1
-0 _(E-0° E-0°

1! 3! 5!
= R(x, &, 1) =sin (€ —x)
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The solution of the integral equation is determined as
¢(x) = f(x) + Af g RO, & DF ()dE
= ¢(x) = x + [, &sin (§ — x)dé

Example: 2 Solve the integral equation ¢ (x) = 1+ [, $(¢)d¢

Solution: Assume ¢(x) = ¢o(x) + A1 (%) + A2, (x) + -+ . +A"Pp (%) + ---.

Here f(x) = 1,K(x,§) =1,A=1
Equating the coefficients of like powers of A, we have
$o(x) =1
X
$1(x) = [, d§ =x

x 1

b2() = [ 8dE = x?
1r* 1

#a0) = 5 | € = 5y

and so on.

Thus the solution of the integral equation is given by
1

1
¢(x)=1+x+§x +3!x3+--~=ex

Determination of Resolvent Kernels

(a) Consider that the kernel K (x, £) is a polynomial of degree (n — 1) in £ such that it may be expressed

in the form.
n—1(x)
K(x,8) = ag(x) + a1 (x)(x = §) + a,(x) 7 (x -9+ +a( 1; (x — - (D
Where the coefficients Y./ a; (x) are continuous in the integral [0, a].
Let the auxiliary function be
_ 1 n—-1 (.X t)

B0 E ) = s (= M+ A LR (66 ) e e
with the conditions

N anle _ _
¢p=—=w=——m=0atx=5and ——==Tlatx=¢ .. (3)
In addition, we have
R(x, &, 1) = 2L A 4

(X,E, )_)ldxn(p(x'f' ) ( )
Since the resolvent kernel satisfies the functional equation
R(x,€,2) = K(x,§) + 2 [ K (x, 2)R(z,§, ) dz .. (5)
From (4) and (5), we have
dn dn
(&) = AK (x,§) + 2 f;‘ K (x,2) — (2, Ddz .. (6)
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(b)

an _ d"'¢  0K(xz)d"*¢ 1 d"
Lo P06 = AK (0, ) + A[K(x,2) 2 - EEDL by oy (1 d)]z:g ()

Using (1) and (3) the relation (7) reduces to

Dp =22 aag0) 2+ s L + o+ (9] = 0 .. (8

The function ¢(x, &, 1) is therefore the integral of the linear equation D¢ = 0 which satisfies the
Cauchy conditions.

Thus, we have an expression for the resolvent kernel as
1 d"
R(X,f,/l)=zﬁ¢(9€,f,ﬂ) ... 9

Further, assume that the kernel K(x,¢§) is a polynonial of degret (n — 1) in x such that it may be

expressed in the form.

K(x,8) = bo(®) + b1 ()€ = %) + bo(§) 3 (§ =0 4 -+ +2LB(E — )t 4 - .. (10)
Where the coefficients b, () are continuous in the interval [0, a]
Consider R(x,&; 1) = _de_nd)( L6 A) ... (11

The auxiliary function ¢ (x, &; 1) satisfies the following conditions.

_%_.” _dn—2¢_ n1¢_
gb—df— = T Oatf—xdén1 laté # x. ...(12)
Therefore the functional relation reduces to
fT‘fj = MK, &) +2[[K (2,9 = ¢(x 2 )dz .. (13)

Using the expression (1) and (12) and integrating by parts to the integral on R.H.S., we have
Dp = 5L+ A[bo(6) Sl + by (§) St + -+ by (9] = 0 (4

Thus the auxiliary function ¢ (x, &; 1) is the integral of the linear equation D¢p = 0 which satisfies the

Cauchy conditions. Hence the resolvent kernel is of the form

RCuED) = — 7 6% ) . (15)

Example: Find the resolvent kernels of integral equations with the following kernel: (1 = 1)

K(x,&)=—-2+3(x—-&;1=1

Solution: Here K(x,§) = =24+ 3(x—=&);4=1

Comparing with the relation, we have a,(x) = —2, a,(x) = 3; and all the other a,,(x) = 0

The differential equation (8) reduces to

d¢

2 +28-3¢=0 )

w1th the conditions

¢=0atx=§,%=1atx=f .. (2

The solution of equation (1) is given by

¢=

A(©)e ™3* + B(§)e” ..(3)

From (2) and (3), we obtain

Which is the required differential equation together with the boundary conditions.
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EXERCISE : 1

1. Form an integral equation corresponding to the differential equation.

a?y e dy : o .
—= — 5—=+ 6y = 0 with the initial conditions
dx dx

y(0) =0,y'(0) = -1
2. From the integral equations corresponding to the following differential equations with given
initial conditions.

a da? d ’ "
@3 —3-3—6=>+5y=0;y(0) = ¢;,y'(0) = ¢, " (0) = ¢
(b) % + (1 +x%)y = cos x;¥(0) =0,y'(0) =2
@@ —sin x¢p' +e*p =x,¢(0) =1,¢'(0) = —

d*¢
DL+ 29 = 0;0(0) = 0,6(1) = 0

1) = Lex—§ _2p-30x-9)
¢)(x,f,1)—4ex 2 € *
Hence the resolvent kernel is given by
14 -§ _1,-30-9

RED) =19 = e 1o
Example: Solve the Volterra's integral equation
$(x) = (1 2x —4x) + [ [3+6(x —§) — 4(x — )2P(§)d¢
Solution: Here f(x) = 1 — 2x — 4x%; 1 = 1;

K(x,§) =3+6(x—¢)—4(x—§)?

Comparing with the relation (1), we have

ap(x) = 3,a;(x) = 6,a,(x) = -8

1 n-2
The D¢p = — — /1[ O(x) ot + a,(x) an_(f + -+ an_l(x)cp] = 0 reduces to
a’¢ a’¢ a¢
5—3‘12 6 +8¢—0 .. (D
with the conditions
—0=Y . ix= ¢ _ _
¢—0—dxatx—€anddx2—1atx—f ...(2)

The solution of equation (1) is given by

P(x,§;1) = A()e* + B(§e ™ + C(§)e* - (3)
From (2) and (3), we obtain

1d3
R(x,&1) =37356(x81)

Therefore, the resolvent becomes

1 d3
R = 223961
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= — % [ex—S + 472078 — 3264(’5_5)] Thus, the solution of the integral equation is given by

P(x) =1—2x — 4x? — %fo"ex—f@ + 10& + 482) + e*75(4& — 882) + e¥75(—32& — 328%)d¢

orp(x) =1—2x—4x? —1+2x +4x* +e* =e*

Example: Solve the Volterra integral equation of second kind, by using the method of successive
approximation.

$(x) = (1+2) — [, ()d¢, with o (x) = 1
Solution: The integral equation is given as ¢(x) = (1 +x) — [ qub(f )d
Here f(x) =1+ x,K(x,§) =1and 1 = —1

The vth order approximation is given by
Po(x) = f(0) + Af K6, )y (§)dE

or ¢p(X) = (L+%) = [ pp_1()dE,
Substituting v = 1,2,3, .... We have

$1(x) = A+x) = [ po(DdE = (1+x)— [y dE =1
b2(0) = (1+x) — [y p1(E)dé = (1+x) —x =1
$3(0) = (1+x) = [, (HdE=A+x)—x=1
$(x) = (L + %) = [ bpr()dE =1

Hence the solution of the integral equation is given by
d(x) =limy 0 py(x) =1

4. Solution of the Fredholm integral equation by the method of successive substitutions.

Consider the Fredholm integral equation of second kind as

$(x) = F(x) + A f, K (x,)(§)dé - (D)

where

(i) The kernel K (x, &) # 0 isreal and continuous in the rectangle R: a < ¢ < b. Consider |K(x, &)| <
P, where P is the maximum value in R.

(ii) The function F(x) # 0 is real and continuous in an interval I:a < x < b. Consider |F(x)| < Q,
when Q the maximum value is in the interval.

(ii) 4 is a non-zero numerical parameter.

Since there exists a continuous solution ¢ (x) so substituting the unknown function under an integral
sign from the equation (1) itself, we obtain.

pC0) = F() + AL KCo ) {F () + Af K&, §)(E)dé, | dé
$(0) = F(x) + Af , K(x, OF(©)dE + 22[ | K(x, )f , K(&,€)p(§1)dé,dé

Proceeding in this manner successively for ¢($), we get
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$00) = F(x) +1 f K (o, ©)F (€)dé +
X &1 X &1
2 f K () f K (&, €)F (§)dE,dE + 22 f K (x,€) f K (€, &) (&) dE, dEdE,
X X 51
$(0) = F(O) + A f K (x, ©)F (§)d + 12 f K (x,€) f K (&, &) F (&) dé,dE +
X & &
pE f K (x,6) f K (5,€) f K (&1, 6)$(E,)dE,dE,dE + -+ +

X & & -1
an f K (x,8) f K (&,6) f K (€0) . f K Enos En)F(En_y)dEn_y .. dE,dE

A TR (08 [ K (6,60 o [ K (e, EDF (E)dEy .. dErdE @
Consider the infinite series
$(x) =F(x) + ﬂf;K(x, F()ds +2° f:K (x,$) fflK(f, $1)F(§1)dé,dE + -+ (3

As the kernel K (x, £) and the known function F (§) are real and continuous, so each term of the Above
series represents a continuous function in I, provided it converges uniformly in that interval.

Since |K(x,é)| < P and |F(x)| < Q

Contains the maximum value in R and I respectively.

Assume S, (x) = A" f;c K (x,8)

Then [S,,(x)| < |A]*|QP"(b — a)"|
It will converge only if

[A|P(b—a) < 1= |4 <m

Thus the series (2) converges absolutely and uniformly when the relation (3) holds

Again, let S,1(x) = ™[ K (x,§)

or [Sp41 ()| < [A™HMPMH(D — @)
Where M is the maximum value of the absolute value of the function ¢(x) in /.
If [A|P(b—a) < 1then limS,;1(x) =0

n—->oo

Thus we notice that the function ¢ (x) which satisfies the relation (2) is the continuous function given
by the series (1). We can verify the direct substitution that the function ¢ (x) defined by (2) satisfies
the integral equation (1). Multiplying (2) both the sides with AK(x, £) and integrating term by term
within the fixed domain, we have

A f K (x, )$(E)dE = A f K (x, )[F (&) + A] f K (£,6)
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